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Abstract—The governing equation for photon transport in plant canopies is discussed. The
specular component of leaf reflectance comprising the presence of the leaf-wax layer is
introduced. The scattering phase function is derived for this case. By separating the first-order
scattering into an independent problem, the leaf size is taken into account in obtaining the
hot-spot effect of the canopy. The correlation function characterizing the probability that a
point inside the canopy or on the soil is seen from two directions is considered. Numerical
results for the transport equation obtained by the method of discrete ordinates are compared
with those obtained by using the Monte Carlo method and experimental data.

1. INTRODUCTION

By the beginning of the 1960s, scientists had come very close to a mathematical description of the
radiative regime in the plant canopy. The future development of this subject demands the
construction of an adequate model of photon transfer in the canopy. The theory of radiative
transfer in a turbid medium has been sufficiently well developed to solve problems arising in
astrophysics, nuclear physics and atmospheric physics.'

Development of a model for radiative transfer in the canopy has been discussed by Ross and
his colleagues.® These authors have described the main mathematical characteristics of radiative
transfer, e.g., the mean projection of a unit foliage arca on the propagation direction and the
scattering phase function of the canopy. They have also derived the transport equation for the plate
medium and determined the possible ways of its solutions. Because of the presence of the oriented
plates, there are some essential differences between the transport equation in the plate and in turbid
media. The main differences are the following:® (i) the phase function is not rotationally invariant;
{ii) the extinction coefficient is not necessarily independent of the direction of photon travel. In
some cases the first difference makes the solution of the governing equation much more
complicated.

Recently, papers by Myneni’® and his colleagues have provided new impetus to the development
of the theory of radiative transfer in vegetation canopies. In Refs. 7 and 8, they have described
the transport equation more accurately and have adapted the method of discrete ordinates in
solving the equation. Various numerical results have shown good agreement between solutions of
the transport equation and measured results.

However, it is, in principle, impossible to consider such important canopy parameters as leaf and
stem dimensions, the effective distances between neighbouring leaves, the non-random distribution
of leaves, the azimuthal angle between successive leaves on the genetic spiral, etc. in the transport
equation in a turbid medium. The Monte Carlo method proposed by Ross and Marshak®'? allows
us to take the influences of these parameters into account in the canopy bidirectional reflectance
distribution function (see aiso the three-dimensional model of Kimes and Kirchner''). As a matter
of fact, the Monte Carlo models are rather complicated and have serious disadvantages in
inversion.

The approximation model of Nilson and Kuusk'?'? also involves consideration of such an
important parameter as leaf size by means of simple analytical formulae. It allows us to obtain
and study the effect of leaf size on the hot spot. Their model is also easily reversible'? but the
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contribution of multiple scattering is calculated approximately according to the Schwarzschild
approximation.®

The aim of the present paper is to introduce consideration of the canopy hot spot into the model
of the radiative regime described by the transport equation. By separating the calculation of
first-order scattering in the original problem, we change the extinction function by taking into
account the sizes of leaves (plates) and by using the correlation function introduced by Nilson and
Kuusk.”? We then add the specular component of leaf reflection that allows us to describe
reflectance from the leaf surface more adequately.'>- 13

In Sec. 2, we consider the transport equation in vegetation canopies and, in Sec. 3, we discuss
the boundary conditions using results obtained by Gerstl and Zardecki.'® Section 4 deals with
separation of first-order scattering and consideration of the size of plates needed to obtain the
hot-spot effect. For uniform azimuthal orientation of leaves in the canapy, the transport equation
is considerably simplified and we are able to decrease the dimensions of the problem (Sec. 5). In
Sec. 6, we discuss the numerical results for a variety of agricultural canopies and compare these
with the results of calculations using the Monte Cario method'® and with measured results. In the
Appendix, we present mathematical results showing the conditions under which the problem has
a unique solution.

2. TRANSPORT EQUATION iIN THE PLANT CANOPY

We consider the radiative transfer equation in a flat, horizontal medium for a plane-parallel slab
of depth T, the upper surface of which is illuminated by diffuse and direct radiation. We follow
the notation of Ref. 7. For simplicity, we assume that the distribution of plate orientations does
not depend on the height. We then write the transport equation in terms of the radiance distribution
function I as follows:*’

—pfef(r, Q)] + G(QI(r, Q) = (1/n) f 10, QO (LY — Q) deY, (1)

4n

where the unit vector Q =Q (u, ¢) has an azimuthal angle ¢ and a polar angle & = cos™' (u) with
respect to the outward normal directed opposite to the z-axis. Here, 0 < t < H denotes an analogue
to the optical depth, viz.

T

T(Z)=j:un(z')&’, H=T(T)=j‘ u (z7)dz’,

]

and u, (2) is the vertical distribution of the total one-sided leaf area per unit volume of the canopy
at the depth z. The function G(Q) is the mean projection of a unit foliage area in the direction
Q, ie.

Gy = (1/21r)J~ g€ )| Q 2] diY, 2)
2n+

and g, () is the probability density [(1/27) |5, £.(Q)d€ = 1] of the distribution of the leaf
normals with respect to the upper hemisphere.® Here, 2n + and 2r — are the upper and lower
hemispheres, respectively. The area scattering phase function I’ is given by

rQ—-Q)= (1/2).[ g () Q- Q| f(Q - £,0,)dA, 3

where fis the leaf-scattering distribution-function. The following simple optical model of the leaf
is proposed: the transmission is isotropic and characterized by a diffuse spectral function # («').
The reflection consists of two components: a diffuse spectral function r (x") and a specular
component. Here, o’ = '€}, is the cosine of the angle between the incident ray Q' and the leaf
normal ;. Thus,

FOQ 5D Q) =fo (@ = Q,Q )+ £, (0 -2, ). )
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We hypothesize that diffuse scattering from the leaves follows the bi-Lambertian scattering model,
viz.

ro(e)e|/m, ax’ <O,

’ Q =
fD(Q b d ,QL) {IL(O!')M”TQ ﬂar>0,

with % = €, . In other words, the functions r; and #; define the radii of hemispheres that depend
on the angle between Q" and ;. We can show that

J. Q@ -0,Q)dQ=r (2) + 1 (2). (%)

The specular component of refiection is determined by the presence of the wax layer on the leaf
surface and it depends on the following three factors:" «’, wax refractive index n, and the
smoothness of the leaf surface. Hence, we can define £, as

Jo(Q =2, ) = K(k, ¢ )F(n, «")3,(Q-Q¥). (6)

We will now examine the last equality, The function F is the intensity of the refracted ray defined
by Fresnel’s law, i.e.

1 [sinz(j —i) N tan’(j — i):|5

Ee o) =3 | S0 Ty 70

where j = cos~'(|a’|), i =sin~ (/1 — (x")*/n). The function KX defines the roughness of the leaf
surface (0 < K < 1) and the argument k > 0 characterizes the surface. The function &, is a surface
delta-function:’

HEQ-A)Y=0, QzQ, J. q(£2)3,(Q2-2) dQ = q(2").
4r

The vector Q* = Q*(Q), Q, ) defines the direction of specular reflection. Integration of Eq. (6) leads
to

J fo @ = Q, 0 )dQ = K(k, 2 )F(n, o). @)
4r
Combination of Egs. (5) and (6) yields

j SO -Q,0)dQ=r (a)+ t(a) + Kk, «)F(n, o). 8)

We now return to the scattering phase function I'. Taking into account Eq. (4), it follows from
Eq. (3) that

rQY -0 =rpQ -+ I, (Q—-0), (9)
where

1
rﬂﬂ'aﬂhﬂf

1]

1
gu(Qp)t (e ) "e AQy — b J‘ Q) (a)x’a dQ, .
+ a-
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Here, Q is a part of the hemisphere for which +a'a >0, ¢’ = Q' Q,, « =Q-Q, . To obtain r,
we note that" dQ; = dQ*/4|Q -, |. Then

1
I, —>Q)=5 J BLlQ) (-0 | K(k, Q- Q )F(n, Q1 )5,[Q- O, Q)] dQ,

2n+

1
= gf gL QU)K K, - Oy )F(n, - Q1 )6,(Q- Q%) dO*
4r

1
=g L QKK Q- QF)F(n, Q' -QF),

where Qff = QF (', Q) defines the direction of the appropriate leaf normal for specular scattering
between the incident and the reflected rays. It is not difficult to show'’ that QF ~ (u}, ¢ ), where

ut = aa tan¢o§='/[]w(# Ising’— /(1 - u?)sing
SL20 -0y VI =@ Ycos ¢* — /(1 — pdcos ¢

It is evident that I'y, is symmetrical. However, for symmetry of Iy, it is sufficient to require
constancy of the reflection and transmission functions, i.e.

re)=sr, n@)=r. (10)
Then

FQ-Q)=rQ-u). (11)
The theorem of optical reciprocity is valid if*

rQy-Qy=r(—Q0—--0)
holds. However, this condition will hold if the functions K, », and 1 are even, ie.,
Kk, 0)=K(k, —a), r(@) =r(—2), () = tL{—2).
Using the analogy of Ref. 7, we determine a normalized scattering phase function. Taking into

account Egs. (3) and (8), we obtain (1/4z) [, P(Q' »Q)dQ = 1, where

P(Y =) =4I' (Y - Q)[G, () + G,(Q)]

and
1
Gl(ﬂ')=ﬁf @) |[r (@) + 1 (2] Ay, (12)
2r+
G:@) =5 f 2 @)’ | Kk, a)F(m, ') A2, (13)
2n+

3. THE BOUNDARY CONDITIONS

Equation (1) alone does not provide an adequate description of the transfer process. It is also
necessary to specify the incident radiation at the canopy boundaries, i.e., to set up the applicable
boundary conditions. Depending on the aim of investigations, different boundary conditions

apply_le.n
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3.1. Problem A: transfer of radiation in the atmosphere adjoining the canopy

Let H, be the optical depth of the atmosphere. In this case, we obtain the following boundary
conditions;

H{—Hy, Q) = 21 8(Q — Q) p <0,

10, ) = (1/m}) J. [u | REY, IO, Q) dY, p>0.
2

T —

Here, Q4 ~ (14, ¢,) is the direction of the monodirectional solar radiation, /, is its intensity and
R{Y, Q) is a canopy reflectance function.

3.2, Problem B: the canopy is considered 10 be an independent layer
There is now no interaction between the canopy and the atmosphere. Then

I1(0,Q) = F§Y), u<0, (14)
I(H, Q)= (l/n)J RV, Q) p' | I(H, Q) 4, p >0 (15)
b £

The last condition describes reflection from the soil.”” For Lambertian reflectance from the soil,
R.(£Y', Q) = R, = constant and

I(H,ﬂ)z(Rsfﬁ}J W [ I(H, Q) dY, p>0.
n—

The equality {14) leads to two practically useful problems.
3.2.1. Problem BI: the function R(QY,Q} for canapy reflection for Problem A. In this case,

FQ=n3(Q-Q), u<0.

Solving now the transport equation with the boundary conditions (14), {15} for each £, we obtain
the distribution of the intensity for the plant canopy-function f(r, Q). Hence,"

R Dy =7nl(0, )/ 1u'], u <0, u>0.

3.2.2. Problem B2: the distribution I(t,S}) of the radiafive intensity in the plant canopy if the
incident radiation is weakened and scattered by the atmosphere. For this condition, we can define
the function F by the expression

F(Q) = Ip(Q) + nly exp(— Hy/{ g0 —£&), <0, (16)

where I, is the diffuse solar radiance.

3.3. Problem C: a two-layer problem with the atmosphere reflecting radiation

A photon that has escaped from the canopy can return as the result of interaction with the
atmosphere. In this case, only the first boundary condition (14} is changed:

Fl)= (1/"!)J‘ R, lp'| 10, ) A + I () + nly exp(—~ Hy /| 4o 1)6(Q — ), >0,
n+
where R,({Y, €} is an atmosphere reflectance function.”’

3.4, Problem D: the standard problem

The transport equation will now be solved with the boundary conditions J{0, Q) = f,{Q), 1 <0,
I(H, Q) = {88, u >0, where f, and £, are known functions.

These problems are generally solved by iterative methods.'® At each step of the iteration, Problem
D is solved without the boundary conditions imposed in Problems A-C, since, in place of the
unknown function, there is now a known function that has been determined in the previous step,
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The mathematical foundations for this approach have been presented in Ref. 19. We note that
Problem D can be reduced to zero boundary conditions, i.e.

10,Q)=0, pu<0, IHQ=0 u>0. (17

Mathematical questions concerning the existence of solutions, their uniqueness and continuous
dependence on the initial data have been studied in detail by many authors (see, for example,
Refs. 4 and 5). Some questions connected with the existence and uniqueness of the solution of the
transport equation in a plant canopy are considered in the Appendix.

4. SEPARATION OF FIRST-ORDER SCATTERING

4.1. Reasons for separation

First-order scattering in some spectral regions is so significant that it is natural to separate this
problem from the total analysis. Furthermore, our model of radiative transfer in the plant canopy,
as described by the transport equation, does not allow for the sizes of the leaves (plates) with respect
to the depth of the canopy (layer). However, the parameter x =/, /T, where /, is the length of the
mean chord of the leaf and T the height of the canopy, plays a significamt role in the generation
of the canopy hot spot. The canopy reflectance function in the region of the hot spot is very sensitive
to variations of x.>'%2-2' It is impossible to consider this effect with the use of the transport
equation (1). The mean value of the photon free path in Eq. (1) is direction-dependent and is defined
only by the leaf orientation. Tn real vegetation canopies, the photon mean free path also depends
on the direction of the photon before interaction. Actually, the stream of photons is not weakened
by interactions in the backward direction and in the close-to-backward directions it is weakened
less than by exp[— G (Q)r/u].

This effect was allowed for in some papers'>? by using a correction factor. We shall take it
into account in first-order scattering by changing the extinction function. Why do we consider this
phenomenon only for first-order scattering? The answer is that the transfer equation in a plate
medium, where the size of the plate has a fixed meaning, is unknown. Secondly, the main
contribution to the hot-spot effect is made by first-order scattering when a unidirectional stream
of photons escapes from the source. For diffuse radiation or multiple scattering, the effect is
averaged over all directions and does not play an essential role.

4.2. Separation of the radiation stream that has not undergone any interactions

We now consider Problem B2. We assume for simplicity that the solar radiation coming through
the atmosphere has unit intensity. Combining Egs. (1), (14), (15), and (16), we get

—plei(r, Q)/dc] + G(VI(1, Q) = (z/n)f I - Q)i(x, ) d&,
100, Q) = I (Q) + 6(Q — Q) u <0, (18)
I(H, Q) = J. g€, QI(H, Q) d, u>0,

2n -

where g(C0, ) = R, (', Q)|u’|/m. We represent the solution of the boundary-value problem (18)
by the sum of three components, viz.

[=19"4 I+ [ (19}

where 7% and %" are, respectively, the incident diffuse and direct radiation streams that have not
undergone any interactions in the canopy, and I° is the intensity of the photons which have been
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scattered one or more times in the canopy. It then follows from the boundary conditions that

—plon? (z, Y)for] + GO (1, Q) = 0,
{Hn 0.Q=I1,Q), u<0, I"(H,Q= J q(Q, QI (H, Q) dQ, p>0,

2n—

and
(@) exp[-G()r/|ul]l, p<0,
Jun ,Q =
P D f 9@, QI (H, Q) 4 expl—GQ)(H - D)fu], >0,
2n—
For I}", we obtain the problem

—ploI3" (z, Q)/0t] + GV (7, Q) =0,
I°0,Q) =56(Q—0Q,), u<0, IIHQ)= f q(Q, QI (H, Q) dQ, >0,

2n—

which we will divide into two problems. We take

Iu:wn s Q s N
1;"(r,9)={ don (5 €Y, p <0
I3, Q), n>0,
where
T 3own (1, Q) = exp[ -G (/| |16 ( Q@ —Qp), p <O,
The function I satisfies the initial-value problem
{—u[ﬁlﬂ{!(n Q)/ot] + G (DI 5 (7, Q) =0, u >0,
I (H, Q) = q(Qy, Q) exp[—G(Q)H /| o], # >0,

the solution of which will be considered below.

(20)

@1

(22)

(23)

24

25)

It only remains for us to define the boundary-value problem for the radiation that has interacted,

I¢. Taking into account Egs. (20) and (22), it follows from Egs. (18) and (19) that
—uloI(z, Q)/ot]1+ GE)I(r, Q) = (1/n) J Q' —Q)It, Q)dQ’ + F(z, Q),
4z

0,Q =0, u<0, IH Q)= J q(Q, I(H, Q) d, > 0.

2n—

Here,
F(r,Q) = F\(7,Q) + F, (1, Q) + Fyoun (1, Q),

where

Fi(z,Q) = (1/n) f [(Q - Q) (z, Q) dQ,
4r

F,(t, ) = (1/n) J rQ -Q)n"(r, ) d,
2n+

Fyoun (1, Q) = (1/m)I" (Qo — Q) exp[— G (Qo)7/| o ]-

4.3. Separation of first-order scattering
We represent the solution of the specified problem by the sum of two components, i.e.

F=I+ I,
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where I is the intensity of the photons which have been scattered only once in the canopy. Here,
I§ satisfies the boundary-value problem

{—ﬂ[@l?(r, Q)/at] + G(Q)Icl (T’ Q) = Fdown(rv Q)s 26
KO.Q =0, u<0, FKHQ)=0, u>0. @0
The function If,; is the intensity of multiply-scattered photons that satisfy the problem
—ufdly(T, Q)jer] + G (1, Q) = (lfﬂ)f T (€ = DIy (7, Q) dY + O (2, D),
4
27)
A0, )=0, u<0, ILH Q)= f g(Q', DIL(H, Q) dQ + F5(Q), u>0.
20—
Here,
Q@ ) =Fi (1, D) + Fo (r, Q) + FL(7, Q).
1
F (1.Q)= - f T Q-5 (r, Q) dY,
4
Fs(z,Q) = j g(Q', DIT(H, Q) d'.
22—
By analogy with Eq. (22), we split Eq. (26) into two initial-value problems as follows:
{_ﬂ[a]‘l: (Ts Q)/at} + G(Q)I‘l: (T’ Q) = chwn (T’ Q)s u< 0’ (28)
1500,Q) =0, u <0
and
{—u[ﬁf? (r, Q)] + GV (7, Q) = Fiuoun (1, £, >0 (29)
IE(H,Q)=0, >0,
We can easily obtain the solution of the initial-value problem (28) for ¢ <0. It is
[0 I (€2 —£2)
exp(— G ()T —exp(—G{)r/ , Q#Q,,
TCE e — @] P O e/ lkoh) — exp(— G@r/ 1w )] " o

Ii(t, Q) = (£ —2)

exp[—G(Q,)r/ , Q=Q,.
7] pl Q)] 1] o

4.4. Consideration of the canopy hot-spor effect

We begin with the two initial-value problems defined in Eqs. (25) and (29) that describe the
movement of photons reflected from the soil and leaves in the upward directions. In Eq. (25), the
unidirectional radiation has descreased from the upper to the lower boundary (soil) by
exp[— G(Qy)H/|1!]. The portion q(€Y, Q) is reflected from the soil and escapes into a unit solid
angle about the direction Q. The function G(Q) is defined by Eq. (2) and is placed before the second
term in the transport equation; it characterizes the extinction of radiation in the direction . For
simplicity, we assume that u; (z) = u_ = constant, i.e., the plates are uniformly distributed with
respect to depth. Therefore, extinction applies only for directions that are far from €. In real plant
canopies, the leaves have a fixed size and the value exp[— G (€ }H /| 11|} denotes the probability that
there is a gap in the direction €, through which the soil can be seen. It is evident that if a photon
has come through the gap, it does directly back unweakened to the upper boundary with unit
probability. Since the leaves have a finite size, this probability decreases with the distance from (.
Thus, the directions in which the photon flies into and out of the canopy (after reflection from the
soil) are not independent. Nilson and Kuusk'?'* have considered the correlation function rg o(H)
characterizing the probability that a point on the soil illuminated in the direction £; would be seen
in the direction Q. They have found that r,  depends on k, i.e., on the relation between the length
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of the average chord and the height of the canopy. Approximating this function by the exponent
and considering the results of Refs. 12 and 13, we obtain the new coefficient of extinction

(1, Q0. Q) = GE{1 — \/Ao/A exp[— C(Qo, D /xH]}, n>0, (30

where Ay =G )/ |ml, 4 =GE)/|u| and C(Q, Q) = (ug 4+ p 77+ 2Qy- Q) Ipue|)"?. For
Q= -Q,, back reflection occurs and Q-Q,= —1. Hence, it follows that C(Q,,Q)=0 and
y(1, €, ) =0, which indicates the absence of extinction.

Taking into account Eq. (31), the initial-value problem (25) is transformed into

{—M[afﬂ,“,(r, Q)fer] + y(z, Q, DI, Y =0, u>0,
Lip(H, Q) = q(Qo, Q) exp[ -G Q) H/|1]), 5> 0.

Similar reasoning reduces the initial-value problem (29} to

—u[617(z, Q)foc] +y(r, Q. DI (7, Q) = Fyoun (1, 2), ¢ >0,
L(H, Q) =0, §>0.

It is easy to obtain the solutions for the last two problems as follows:

f
133(1,9)=1(H,Q)€XP|:—(1/H)J '/(C,Qo,ﬂ)di,'], n=>9, (32)

Ii(r, Q)=(1/#)J Fioun (t', L) em[-(l/#).r (. Q) dC]dr’, # >0, (33)

where
(1/p) J "1 9, Q) L = GO — T)in

— [/ A AxH [ C(y, Q)){exp| - C(Qy, Q) /xH] — expl — C(Qy, Q) ficH]}.
The complete solution is the sum of the components, viz.
IT=I"+ I+ 15+ IS,

where /*" is defined by the equality (21), I*" by Egs. (23), (24) and (32), I by Egs. (30) and (33),
and [, is the solution of the boundary-value problem (27). This problem may be solved by using
the discrete ordinates method.™®

5. UNIFORM AZIMUTHAL DISTRIBUTION FOR THE LEAF NORMALS

We assume that the polar and azimuthal angles of the distribution of the leaf normals are
independent and the distribution in the azimuth is uniform. Then, g, (€ ) =g, (1, ) and™®

2n

CE)=G) = L gL(#L)[(l/Zn)J

0

|Q'QL|d¢L:'d!~‘L-

The second integral has been evaluated in Refs. 6 and 7. In addition to experimental data, there
exist some theoretical models for the function g; for various forms of the canopy. Examples are
a trigonometric representation®

g (B)=(a+ b cos20, +ccosd8 )/sinf, 8 =cos™'(u),a, b, c=constant,

and the statistical distributions: g (8.) ~ f(u. v), a beta distribution® and g, (8.) ~ e(v,¢), an
elliptical distribution."
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In this case, if Eq. (10) holds, we can show that the phase function I' depends only on the
difference between the azimuthal angles of the incident and reflected rays; however, it does not
depend on each ray separately, i.e.®*

rQ->M=ruu,¢—¢ (34)
and
rp.p'x)=T(up',—x)y=I({p', x+2n). (35)

The indicated procedure allows us to reduce the dimensions of the problem significantly for
numerical solution by using discrete ordinates. Furthermore, the symmetry properties, together
with the conditions (34) and (35), allow us to use the “‘method of circulant matrix”,'® which, because
of the dependence of the phase function on the differences of azimuthal angles and its periodicity
with respect to this argument, transfers a problem of dimension ¥M (where N is the number of
directions with respect to x and M is the number with respect to ¢) into M problems of dimension
of N (see Ref. 18 for detail).

6. NUMERICAL RESULTS AND DISCUSSION

We will now illustrate the influence of various model parameters on the scattering phase function
and canopy bidirectional reflectance.

From the definition (9), it follows that the phase function I' (§2’ — Q) represents the sum of the
diffuse and specular components, each of which depends on the plate orientation. The diffuse
component also depends on the reflectivity r; and on the transmissivity ¢ for each separate plate,
whereas the specular component is described by the wax refractive index » and the extinction
parameter k.

In Fig. 1, we show three vertical cross-sections of the phase function (¢ = ¢" and ¢ = ¢’ + 180°,
¢ =¢ +45 and ¢ = ¢’ +225°, ¢ = ¢’ +90° and ¢ =¢"+ 270°) to represent the planophile
canopy (mainly horizontal leaves) and erectophile canopy (mainly vertical leaves) with "= —0.5
(0" =120°). In this case, the specular component is missing (» = 1.0) and the phase functions at
u <0 and p > 0 are similar. An increase in scattering in the near-nadir directions for plancphile
leaves and a decrease for the erectophile leaves can be explained by the Lambertian distribution
of reflectance from their surfaces. Symmetry with respect to the nadir occurs only for the
cross-sections ¢ = ¢’ +90° and ¢ = ¢+ 270°.

Figure 2 illustrates the role of the parameters # and & in the phase function. The cross-sections
of the phase function are presented in the principal plane ¢ =¢’, ¢ = ¢’ + 180° at u" = —ﬁ/Z
(8’ = 150°) for the erectophile canopy. Figure 2(a) shows the phase function for u <0 (upward

Tlp g

—0.04

f=cos' u

Fig. 1. The scattering phase function for various leaf-angle distributions (l-3—ereclophile; 4-6—

planophile). Curves 1 and 4 correspond to the cross-sections ¢ = ¢’ and ¢ = ¢’ + 180% curves 2 and 5

refer to ¢ = ¢’ +45° and ¢ = ¢’ + 225 curves 3 and 6 refer to ¢ = ¢’ + 90° and ¢ = ¢ + 270°. Here,
re=1t=004n=10 pg"=-05.
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Fig. 2. The scattering phase function for the erectophile canopy at p' = —\/3/2‘ The corresponding

cross-section is ¢ = ¢ and ¢ = ¢’ + 180° Fig. 2(a) refers to x <0 and Fig. 2(b) to u > 0. Curve L.

n=10,r =004, =0.0; curve 2: n=1.0,r, =7, =0.04; curves 3-5: n=14,r =1 =0.04; curve 3:
k =0.6; curve 4: kK =0.3; curve 5. k =0.0.

scattering photons). Curve 1 represents only reflection (r, = 0.04, 1, = 0.0) and curve 2 represents
reflection and transmission (r, = f;, = 0.04). It is obviocus that their difference corresponds to the
contribution of the transmittance that has a maximum at g <0 and ¢ =¢".

Curves 3, 4, and 5 denote the contributions of the specular component (n = 1.4) for different
coefficients %, which characterize the presence (k > 0) and dimensions of the fibre on the leaf
surface. The extinction function for the specular component is calculated from'

K(k,a”) =exp[—2k tan(z)/n], a’=cos (' -Qp). (36)

It is evident that a decrease in k increases the contribution of the specular component. For an
erectophile canopy at u > 0, this result is valid only for large reflection angles {Fig. 2(b)]. An
increase in the phase function with decreasing & is observed for scattering in the downward
direction [Fig. 2(a)]. For # =30° and ¢ = ¢’ (scattering along the leaf), a deep minimum is
observed for k > 0. However, this minimum disappears with decreasing k. The presence of
scattering maxima for both directions at 8 = 30° is due to strong specular reflection (especially, in
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the case of the absence of fibre, curve 5) in the plane of the incident ray in the directions close
to the leaf surface.

In the following figures, we represent reflectance functions of the plant canopy, which have been
calculated from

R(Qy, Q) =xri(0,Q)/F,
where

F = +J. In(Q)|p’[ A

2n—

Here, Iis the solution of boundary-value problem (18), £, ~ (1o, ¢¢) the direction of the direct solar
radiation, and I, the diffuse component. In the following numerical results, we assume that the
sky was uniformly bright,® i.e. I,()) = constant. The contribution of the direct radiation is
expressed by B =|u,|/F, which characterizes the part of the direct radiation in the total incident
flux density.

The reflectance functions R(Q,, Q) for various leaf-angle distributions in the principal plane
(¢ = ¢y, ¢ = ¢+ 180°), are presented in Fig. 3. By increasing the average leaf-inclination angle,
the reflectance function increases for all view directions. Here, the effect of the canopy hot spot
also increases and leads to asymmetry of the bidirectional reflectance relative to the nadir. There
are three orientations: plagiophile {leaves mostly inclined at 45°), uniform (g, (6.) = 2/=] and
extremophile (nearly horizontal and vertical leaves); these have the same average inclination angle
(EB, = 45°) but different dispersions (4.6, 11.8 and 18.9, respectively). There are significant
differences in the reflectance functions for ¢ = ¢, + 180° within the region around 8 =90° — £, .
In Refs. 9 and 10, the same effect has been observed in calculations using the Monte Carlo method.
On the other hand, for ¢ = ¢, and large view directions, the reflection from the extremophile leaves
is less than from the plagiophile. It is caused by the Lambertian law of reflectance from the leaf
surface at 8, = 150°.

Figure 4 illustrates the influence of the parameter characterizing the leaf dimensions on the
reflectance function R(Q,, Q). For the planophile canopy at 6, = 120° (u; = —0.5) in the principal
plane (¢ = ¢y, § = ¢y + 180°), there are four reflectance functions, from x = 0.0 (infinitesimally
small leaves) up to & = 0.5 (large leaves with a diameter exceeding | m). The relation between the

Rlfy,0)

RIQg )

r—0.04

& =de $= o+ 180° ¢=d, ¢ g+ 180°

|

] 1 | ! 1 J L | ] ! 1

%0 €0 30 o 30 €0 90 920 60 30 0 20 60
2] 8
Fig. 3. The reflectance function of the plant canopy Fig. 4. The reflectance funclion of the plant canopy
R(€,, Q) for various leaf-angle distributions. Curve 1—erec-  R(§,, Q) for various leaf sizes. Curve 1—x =0.00; curve
tophile; curve 2-—spherical; curve 3—plagiophile; curve 2—x =0.01; curve 3—« = 0.08; curve 4—x =0.50. Here,
4—uniform; cutve 5—extremophile; curve 6—planophile. r =4 =004, n =10, H=3.0, k =0.08, R, =00, g =1,
Here, r =1 =0.04,5n=10,H=30,x=0.08, R =00, 6, =120° ¢ = ¢y.
B=1,8,=150° ¢ = e,

20
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Fig. 6. Comparison of the calculated reflectance functions

IW% | : J '#T"HBO. | With measured data for the maize canopy in the near-i.r.
spectral region {+). Here, ry =4 =046, n =10, H =40,

%0 80 30 o 30 80 % =008, R =02, § =08, f, = 140°, ¢, = 100". Curve 1—
8 §=¢y and @ =g+ 1B0°; curve 2—¢ =y —435° and

¢ =g+ 135% curve 3—¢ =P, —90° and & = ¢, + 907;

ig. 5. C i f the reflectance functions calculated . and i
Fig A T e crosses 4—¢ = 0. The leal orientation is spherical.

by the Monte Cario method (curves 1 and 3) with values

obtained by the discrete ordinates method, allowing for the

canopy hot-spot effect (curves 2 and 4). Here v, = 1, =

004,y = 1O, H =30,k = 008, R, = 0.0,8 = I|,¢ =

¢a, 8, = 150° (curves | and 2), 8, = 120° (curves 3 and 4).
The leaf orientation is spherical.

parameter x, the average round leaf diameter d; and the canopy height has been found by Kuusk
and Nilson®” for horizontal leaves, namely, « = (r/4)(d./H). For spherically oriented leaves,
Kuusk has obtained the equality k = (n/4)X(d, /H). With an increase in the relative leaf size, the
bidirectional reflectance function in the region of the hot spot increases and the asymmetry relative
to the nadir direction increases.

We now consider two models: the model of a plant canopy whose radiative regime is described
by the transport equation (model 1) and the geometrical Ross—-Marshak model, the radiative regime
of which is calculated by the Monte Carlo method®'® (model 2). We propose for model 2 that
stems arc absent, the plants are planted in check-rows and the azimuthal angle between the
successive leaves on the genetic spiral is 120°, with the average number of round leaves within a
plant being 4.

In Fig. 5, we show four curves. Curves 1 and 2 refer to 6, = 150° and curves 3 and 4 illustrate
@, = 120°, The curves calculated according to models 1 and 2 for 6, = 120° practically coincide.
Under a high sun (at 8,=150°), the bidirectional reflectance for model 1 is greater than the
bidirectional reflectance for modet 2. This result may hold because of the following reasons. In the
geometrical model, the phytoelements are distributed more regularly. In such a canopy, the
probability to see the black soil (R,=0) at small view directions is greater than with randomly
distributed leaves (model 1). By increasing the view angles, the difference between the regular and
random canopies decreases as the mean photon free path grows longer and the gaps in the foliage
become invisible. Therefore, curves 3 and 4 are similar to each other, whereas there are essential
differences between curves 1 and 2.

We now compare our results with experimental data on the reflectance in the maize canopy
obtained by Ranson and Biehl® (see also Refs. 7 and 8). There is good agreement between our
data and experimental results (Fig. 6). The greatest difference can be seen in the principal plane,
where the hot-spot effect is noticeable. The soil reflectance follows Lambert’s law:
g€, Q) =R, [p’'|/n.

Figure 7 is an illustration of the three-dimensional Cartesian plot of the reflectance function
R(Sk, {2} in the infrared spectral region for the uniform leaf-angle distribution (g, (8,) = 2/m),
where the specular component is aiso considered. The extinction of the specular component has
been calculated by using Eq. (36).
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180

Fig. 7. The three-dimensional Cartesian reflectance function R(Q;, 0} is shown. Here, r_ = 0.5, 1, = .35,
n=14 k=03 H=30,x=008 R =00, 8=1,8,=150" ¢, =90 The leaf orientation is uniform.

7. CONCLUSIONS

We supplement the transport equation in the vegetation canopy considered by Shultis and
Myneni’ by including the specular component in the scattering phase function.'® '* ¥ The separation
of first-order scattering allows us to consider the leaf size in the transfer equation for a plate
medium. It has led to the formation of the canopy hot-spot effect. It is very sensitive to variations
of the leaf sizes and orientations (Figs. 3 and 4). Therefore, it is the most informative region for
remote sensing problems.

Comparison of the present model with much more complicated Monte Carlo model (Fig. 5) and
with experimental data on real canopies (Fig. 6} shows good agreement.

Further development of the present model involves generalization to the three-dimensional case
and inversion of geometrical and optical parameters by using data on canopy reflectance.

Acknowledgement -1 am indebted to Yu. Knyazikhin and A. Kuusk for valuable discussions, many useful suggestions and
critical remarks, which led to improvement of this paper.

REFERENCES

. B. Davison, Neurron Transport Theory, Oxford University Press, London (1958).

. S. Chandrasekhar, Radiative Transfer Theory, Dover, New York, NY (1950).

V. V. Sobolev, 4 Treatise on Radiative Trarsfer, Van Nostrand-Reinhold, New York, NY (1963}
V. 8. Vladimirov, **Mathematical Problems in the One-Velocity Theory of Particle Transport,” AECL-
1661, Chalk River, Ontario (1963).

K. Case and P. Zweifel, Linear Transport Theory, Addison—-Wesley, Reading, MA (1967).

. 1. Ross, The Radiarion Regime and Architecture of Plant S:tands, Junk, The Hague (1981).

I. K. Shultis and R. B. Myneni, JOSRT 39, 115 (1988).

R. B. Myneni, V. P. Gutschick, G. Asrar, and E. T. Kanemasu, Agric. For. Met. 42, 1, 87 (1988).
. J. K. Ross and A. L. Marshak, Remote Sens. Envir. 24, 213 (1988).

10. J. K. Ross and A. L. Marshak (in Russian), 4m. Opt. 1, 76 {1988).

11. D. 8. Kimes and J. A. Kirchner, Appl. Opr. 21, 4119 (1982},

12. T. Nilson and A. Kuusk, Soviet J. Remote Sens. 4, 814 (1985).

13. T. Nilson and A. Kuusk, Remore Sens. Envir. 27, 157 (1989).

14. V. C. Vanderbilt and L. Grant, IEEE Trans. Geosci. Remote Sens. 23, 722 (1985).

15. E. Reyna and G. D. Badhvar, IEEFE Trans. Geosci. Remote Sens. 23, 731 (1985).

16. 8. A. W. Gerstl and Zardecki, Appl. Opr. 24, 94 {1985).

T

10 00 1 8 1n



Transport equation in plant canopies 629

17. V. V. Sobolev, Light Scattering in Planetary Ammospheres, Pergamon Press, New York, NY (1975).

18. Yu. Knyazikhin and A. Marshak (in Russian), The Method of Discrete Ovrdinates for the Solution of the
Transport Equation (the aigebraic Model, the Rate of Convergence), Valgus, Tallinn, U.S.S.R. {1987).

19. T. A. Germogenova (in Russian), The Local Properties of the Solution of the Transport Equation, Nauka,
Moscow, U.S.S.R. (1986).

20. A. Kuusk, Soviet J. Remote Sens. 3, 645 (1985).

21. 8. A. W. Gerstl, “Off-Nadir Optical Remote Sensing from Satellites for Vegetation Identification,”
pp. 1457-1460, in Proc. IGARSS 1986 Symp., Zurich (1986).

22. N.J. J. Bunnik, “The Multispectral Reflectance of Shortwave Radiation by Agricultural Crops in Relation
with their Morphological and Optical Properties,” Mededelingen Landbouwhogeschool, Wageningen, The
Netherlands (1978).

23. N. S. Goel and D. E. Strebel, dgron. J. 76, 800 (1984).

24. A. L. Marshak (in Russian), “The Discrete Ordinate Method and Transport Equation in Plant Canopy,”
p. 110, in Proc. All-Union Meetings on the Numerical Methods of Solving the Transport Equation, Tartu
(1988).

25. K. J. Ranson and L. L. Biehl, “Corn Canopy Reflectance Modelling Data Set,” LARS Tech. Rep. 071584,
Purdue University, W. Lafayette, TN 47907 (1984).

26. F. Riesz and B. Sz.-Nagy, Legrons d’Analyse Fonctionnele, Akademiai Kiado, Budapest, Hungary
(1972).

APPENDIX

Solvability of the Transport Equation for the Plant Canopy

We now consider the transport equation with a non-zero absolute term [e.g., the equation for
the boundary-value problem (27) with the standard boundary conditions (17)]. We use the operator
notation

LI=S8SI+9Q,. (Al)
Here, L is the differential operator that satisfies the relation
(L) (r, Q) = —[u/GEY][81(z, Y)/ét] + I(z, Q).

An integral operator is denoted by S such that the following relation is satisfied:

(8I)(z, Q) = [1/nG ()] J

4

[ - M)I(r, ) dY'.

Next, we define the function Q, = Q/G. We also introduce

W = {¢(T, Q): JHJ G| ®(r’, Q)| dQ di’ < oo}
and
DL)Y={@(r,Q): (0,2 =0, p<0, PH,Q=0, u>0, Lde wi.

It is known*" that (i) D(L) = W and for each function f € W there always exists a sequence from
D(L) that converges to f; the equation LI = fhas a unique solution 7 € D(L) for each f e W, i.e.,
the inverse operator L' exists such that /7 =L 'f.

We denote the r.h.s. of Eq. (Al) by

f=8I+0Q,. (A2)
After solving the boundary-value problem LI = f, we obtain
I=L-\f (A3)
Substituting Eq. (A2} into Eq. (A3) we obtain the integral equation
I=L"'SI+L"'Q,. (A4)

QS.RT 42/6—M
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Equation (A4) may be studied by using the Banach theorem for an operator equation of the second
kind.*® According to this theorem, both the existence and uniqueness of the solution from the
inequality

IL-'S®|<q|®l,qg<1, forany deh (A5)
Here, || @ || is given by

H
@ | =j j G(Q)| P, DIdQ dr.
0 4n
It may be proved that the inequality (A5) holds for ¢ < A, where

A= esssup (]/n)f FQ-Q)dQ/G(Q), Q~(p, p)t (A6)
—I<us 1.0 in
Hence, Eq. (A4} has a unique solution, which may be expressed as a Neiman series as follows:
I=L7'"Q,+L7'SL'Q,+ L~'SL-'SL™'Q, +---.
If Q,(r, Q) 2 0, then the (L~'S)"'L~'Q,,n =0, 1, 2, ... are positive. Using Egs. (12) and (13) in Eq.
(A6), we obtain

gu(r, )| [5(Q, Q) dQ;

z I
A =esssup [ y G,.(Q)/G(Q)] = ess sup £2* <,
Qedn =1 Qedn

j &u(7, Q) [Q-Qy | dOy
2n+
where
b(Q,Q,_):(l/n)f [ €Y | (€2 - ) dY + Kk, Q-Q ) F(n,Q-0),
4

rifaD, =o' <0,
cla’)=
n(x), ewx'>0,
a=(Q Q) a' = Q)

The condition 4 < 1 guarantees the existence and uniquenecss of the solution of the transport
equation in the plant canopy. For the special case r; (2) =r(, £, () =1,, we obtain

ro+ 4+ max Kk, a)F(n,0)<1.
0gag]

Iip
tHere, ess sup |x(¢)| = lim I:J. 1x(1)|dr] .
teT P T



